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Abstract. In this article, we prove that the double inequality 

aG{a, fe) + (1 - a)C{a, b) < M{a, b) < l3G{a, b) + (1 - l3)C{a, b) 

holds true for all a, 6 > with a ^ fe if and only if a > 5/9 and /3 < 1 - l/[21og{l + 
v^)] = 0.4327 where G{a, b), C(a, 6) and M(a, fe) are respectively the geometric, contra- 
_ harmonic and Neuman-Sndor means of a and b. 

^ I 

O ■ 1. Introduction 

For a, 6 > with a the Neuman-Sandor mean M{a, b) [1] is defined by 

O" (1-1) M{a,b) = 

2sinh-i(t^) 



o 

in 



where sinh~"'^(a;) — \og{x + sjx^ + 1) is the inverse hyperbohc sine function. 

Recently, the Neuman-Sandor mean has been the subject of intensive research. In particular, 

■ many remarkable inequalities for the Neuman-Sandor mean can be found in the literature [UH]- 
\ Let G(a, b) ~ \foh, L{a, b) = {b ~ a) /(log 6 — log a), P{a, b) = {a ~ &)/(4arctan y/a/b — tt), 

A{a,b) = {a + b)/2, T{a,b) = (a - 6)/[2 arcsin((a - 6)/(a &))], Q{a,b) = y/{a^ + b^)/2 and 
C{a,b) = (a^ -I- b'^)/{a + b) be the geometric, logarithmic, first Seiffcrt, arithmetic, second 

■ Seiffert, quadratic and contra-harmonic means of a and 6, respectively. Then it is well-known 
that the inequalities 

G(a, b) < L{a, b) < P{a, b) < A{a, b) < M{a, b) < T{a, b) < Q{a, b) < C(a, b) 

. hold true for a, > with a ^ b. 

' Neuman and Sandor [TJ [2] established that 

A(a,6)<M(a,6)<r(a,&), 
Cn; P{a,b)M{a,b) < A^{a,b), 

O : A(a, &)r(a, fe) < Af 2 (a, 6) < [A^ (a, fe) + (a, fe)] /2 

hold true for all a, 6 > with a^b. 

Let < a, < 1/2 with a ^ b, a! = \ - a and b' = \ - b. Then the following Ky Fan 
inequalities 

G(a,6) L(a,b) P{a,b) A{a,b) M{a,b) T{a,b) 
X" G{a',b') ^ L{a',b') ^ P(a',b') A{a',b') ^ M(a',b') T{a',b') 

' were presented in 1 . 

Let Lp{a,b) = [{bP+^ ~ aP+^)/{{p + l){b - a))]^^"" (p ^ -1,0), Lq = l/e{b^ /a'^f/^^-'') and 
L_i(a, b) — (6 — a) /(log 6 — log a) be the th generalized logarithmic mean of a and b. Li et al. [5] 
showed that the double inequality Lpg{a, b) < M{a, b) < L2{a, b) holds true for all a,b > with 
a ^ b, where pa — 1.843 • • • is the unique solution of the equation {p + ly^P = 2 log(l + \/2). 
In [4], Neuman proved that the double inequalities 

aQ{a, b) + {l- a)A{a, b) < M{a, b) < PQ{a, b) + (1 ~ (3)A{a, b) 

and 

AQ(a, b) + {l- \)A{a, b) < M (a, 6) < ^Q(a, 6) + (1 - fi)A{a, b) 
hold for all a,b > with a ^ b \i and only if a < (1 - log(V^ + l))/[( V2 - 1) log(V^ + 1)] = 
0.3249 • • • , /3 > 1/3, A < (1 - log(\/2 + 1)') / log(^/2 + 1) = 0.1345 • • • and > 1/6. 
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The main purpose of this paper is to find the least value a and the greatest value {3 such 
that the double inequality 

aG(a, 6) + (1 - a)C{a, b) < M{a, b) < l3G{a, b) + (l - (3)C{a, b) 

holds for all a, & > with a ^b. 

Our main result is presented in Theorem ll.il 

Theorem 1.1. The inequality 

(1.2) aG(a, b) + [l - a)C{a, b) < M{a, b) < (3G{a, b) + {I - f3)C{a, b) 

holds true for all a,b > with a ^ b if and only if a > 5/9 and (3 < 1 — l/[2 log(l + \/2)] = 
0.4327---. 

2. Lemmas 

In order to prove our main result we need a lemma, which we present in this section. 
Lemma 2.1. Let pE (0,1), Aq = 1 - 1/ [2 log(l + \/2)] = 0.4327 •• • and 



(2-1) ^^W--^h-(^^)-(,-l)t^+p, + 2-2p 
Then (p5/g{t) < and ip\o{t) > for all t G (0, 1). 

Proof. From (|2.ip . we have 

(2.2) ^p(l) = 0, 

(2.3) ^^(o)^log(l + V2)-^^^i-y, 

(2.4) ^;(i) = ^ te(0,l) 

^ ' ' VT^V2~¥[ip~l)t^ +pt + 2-2p]^ ^ ' 

where 
(2.5) 



fp{t) = - t[{p - l)t^ +pt + 2- 2pf + [2{p - l)t + p](l - t')^2-t^ 

+ t\/2-t^[{p- l)t^ + pt + 2 - 2p]. 



We divide the proof into two cases. 
Case 1: p = 5/9. Then dm leads to 

(2.6) /5/9(l) - 0, 

(2.7) fUt)^ ''"^'^ 



81^/2~F 
where 



(2.8) 95/9{t) = -45i + 216t^ - 144t'' - (64 + 160t - llTt^ - 160i^ + 80t*)y/'2-t^ 

We divide the discussion of this case into two subcases. 
Subcase 1.1: t £ (0,3/4]. Then from (12. 8p we clearly see that 

(2.9) i£Z£2L < 216t2 - 45^ + 144t4 _ ^ ^^^^ _ ^^^^^ _ ^gQ^3 ^ 8o^4) ^(^^ 
v2 — t^ v2 

Differentiating fi{t) yields 

(2.10) ft'it) = -160 - + 666t + 480*2 - (^288^2 + 32o) 

(2.11) n"{t) = 666 + 960i - (960 + 864\/2)i2. 

From (|2.10p and scientific computation we know that there exists unique ti = 0.25869 • • • 
in (0,3/4] satisfying the equation /i'(ii) — 0. It follows from (12. lip that /i"(ii) = 
768.33 • • • > and ti is a unique extreme minimum point of fi{t) in (0, 3/4]. Therefore 
we obtain 

(2.12) fi{t) < max{/x(0), Ai(3/4)} = -10.5824 . . . < 0. 
Inequalities (12.91) and (|2.12p lead to the conclusion that 

35/9(0 < 

for t e (0,3/4]. 
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(2.13) 



Subcase 1.2: t e (3/4,1). Then (E^H]) gives 

55/g(t)V2-i2 = -320 + 532t + 1280i2 - 991<^ - 640i'* + AOOt^ 

- (45 - 432< + 576<^)v/2-<2 /i5/9(t), 



From (Pl^ we get 
(2.14) /i5/9(l) = 72, 



(2.15) /.^/9(t) = -|E= + B(0 



where 

(2.16) A{t) = 864 + 45t - 4320*^ + 2304*^^, 

(2.17) B{t) = 532 + 2560t - 2973t^ - 2560t^ + 2000**^. 
Equation (|2.16p leads to 

(2.18) v4'(3/4) = -2547 < 0, 

(2.19) A'(l)=621>0, 

(2.20) A"{t) = -8640 + 27648^^ > 
for 3/4 < t < 1. 

From (|2.18p - (|2.20p we clearly see that there exists <2 e (3/4, 1) such that A{t) is strictly 
decreasing in (3/4,^2] and strictly increasing in [^2, 1)- So we get 

(2.21) A{t) < max{yl(3/4, A{1)} = -803.25 • • • < 0. 
Equation (|2.15p and inequality (|2.2ip lead to 

(2.22) h',/,{t)<^ + B{t):^fj{t). 

Computing fi(t) yields 

(2.23) ?7(3/4) = -235.484- •• <0, 

(2.24) 7y'(l) = -2626.886--- < 0, 

(2.25) 7?"(3/4) = 921.522--- > 0, 

(2.26) ri"'{t) = 384[-40 + (125 + 12^P^)t\ > r]"'{3/i) = 49965.132 • • • > 
for t e (3/4,1). 

Inequalities l^^-l^^ implies that r]{t) < for t e (3/4,1). From (g^, ([XTO]) . 
(|2.14p and (|2.22p . we see that g^/^it) is strictly increasing in (3/4, 1). So we obtain 

55/9(0 < 55/9(1) = 

for 3/4 < t < 1. 

Combining the last conclusions in subcases 1.1 and 1.2 we have 

(2.27) 55/9(0 < 
for all t e (0,1). 

Therefore, ^5/9(0 < for all t e (0,1) follows easily from ([221), (HH), (EH), and 

Case 2: p = Ao = 1 - l/[21og(l + \/2)] = 0.4327- • • . Then ([121) becomes 

(2.28) ^Ao(0) = 
and (j2.5D leads to 

(2.29) /ao(0) = %/2Ao>0, /ao(1)=0 



(2-30) /ao(0 = ^ 



where 

^ = on \ ^ = + V2)= 0.88137 • • • , 
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(2.31) C{t)^26t{l-2S + 6t-U^), 

(2.32) D{t) -4 + (8 - m6)t + (9 + 126 - 12S^)f + (16(5 - 8)t^ - 

We divide the discussion of this case into two subcases. 
Subcase 2.1: t e (0,1/2]. Then differentiating ([O^ yields 

(2.33) D'{t) = 8- 165+ (18 + 24^ - 24(5^)* + (48(5 - 2A)t^ - 20^^ 

(2.34) D"{t) = 6[3 + 4(5 - 46^ + (16(5 - 8)t - lOt^]. 

From (|2.33p and scientific computation we know that there exists unique is = 0.2555 •• • 
in (0,1/2] satisfying the equation D'it^) = 0. It follows from that ^"(ts) = 

25.9469 • • • > and is is a unique extreme minimum point of D{t) in (0, 1/2]. So we 
have 

(2.35) Dit) < max{i:)(0), L»(l/2)} = -4 < 
for < t < 1/2. 

From and f^I^ one has 

(2.36) iSW2-t^fx„{t) = C{t) + D{t)^/2-t^ < C{t) + D{t) := E{t). 
It follows from ((23T|) and ([232]) together with (|236)) that 

(2.37) E'{t) = 8 - 14(5 - 4(5^ + (18 + 48(5 - 24(52)t + (48(5 - 24)i2 - (20 + 32(5)t^, 

(2.38) £;"(t) = 6[3 + 8(5 - 452)t + (16(5 - 8)i - (10 + m)t\ 

Computational and numerical experiments together with (|2.37p show that there exists 
unique = 0.17164 • • • in (0, 1/2] satisfying the equation E'{ti) = 0. It follows from 
(|2.38p that E"{t4) = 43.686 • • • > and is a unique extreme minimum point of E{t) 
in (0, 1/2]. Thus we obtain 

(2.39) E{t) < max{i;(0), E{l/2)} = -2.50591 • • • < 
for t e (0,1/2]. 

Inequalities ((Z^M)) and ((09t give 

for t e (0,1/2]. 
Subcase 2.2: t G (1/2,1). Then ((OT|) leads to 

(2.40) C"{t) = 26{l-2d + l2t-l6f), 

(2.41) C"it) = 246(1- U^) <0. 

It follows from (j2.40p and scientific computation that there exists unique ^5 = 0.8322 • • • 
in (1/2, 1) satisfying the equation C'{t5) = 0. Then (j2.41l) leads to the conclusion that 
C{t) is strictly increasing in (1/2,^5] and strictly decreasing in (^5, 1). Hence, we have 

(2.42) C{t) > inf{C(l/2), C(l)} = 1.531 • • • > 
for t e (1/2,1). 

On the other hand, equation (|2.34l) gives 

(2.43) i:>"(l/2) = 23.81 •••> 0, 

(2.44) i:>"(l) = -2.87-- • < 0, 

(2.45) D"'{t) = 24(4(5 - 2 - 5t) < 12(8(5 - 9) < 
for t e (1/2,1). 

Equations (|2.43p - (l2.45p imply that there exists te e (1/2, 1) such that D'{t) is strictly 
increasing in (1/2,^6] and strictly decreasing in [te,l). Therefore, we have D'{t) > 
inf{i:>'(l/2), D'{1)} = 6.229 • • • > for t e (1/2, 1), which implies that 0(1) is strictly 
increasing in (1/2, 1). 

From the monotonicity of D{t) in (1/2, 1) and C{t) in (1/2, ^5] together with (|2.42p we 
know that C(i)/%/2 - t'^+D{t) is strictly increasing in (1/2, ^5] . Equations (j2.30p - (|2.32p 
lead to 

(2.46) /!;„(l/2) = -0.926- ••<0, /;„(i4) = 0.5193 •••> 0. 
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It follows from (|2.30p and (|2.46l) together with the monotonicity of C{t) in {1/2, t^] 
that there exists tj e (1/2,^5) such that f'^^{t) < for t e (1/2, tr) and /^^(t) > for 
t £ ih,t5]. 

litE (ts, 1), then from the monotonicity of C{t) in [is, 1) and D{t) in (1/2, 1) we have 

(2.47) ^''^^ + D{t) > ^ + D{U) = 0.6859 • • • > 

V2~t^ ^/2 

Equation ((^^ and (P^TT)) lead to /j^^(t) > for i e (ts, 1). Therefore, we know that 
f^^^{t) < for i e (1/2,^7) and f^^^{t) > for t e (ty, 1). 

Combining the last conclusions in subcases 2.1 and 2.2 we clearly see that fxf,{t) is 
strictly decreasing in (0, tr] and strictly increasing in [^7, 1). Then (|2.4p and (|2.29p lead 
to the conclusion that there exists to £ (0, tj) such that ^p\g (t) is strictly increasing in 
{0,to] and strictly decreasing in [io, 1)- 

Therefore, ipxoit) > for aU t e (0,1) follows from and (p:^ together with the 

monotonicity of ipxg (t) . 

□ 



3. Proof of Theorem 1.1 



Proof of Theorem 1.1. Since M{a,b),G{a,b) and C{a,b) are symmetric and homogeneous 
of degree 1. Without loss of generality, we assume that a > b. Let x = {a — b)/{a + 6) G (0, 1), 
<p < 1 and Ao = 1 - l/[2 log(l + v^)] = 0.4327 - ••. Then 



(3.1) 
and 

(3.2) 



C{a,b) - M{a,b) (1 + x^) sinh"^(x) - a; 



C{a,b)-G{a,b) {1 + x^ - VT^li^) sinh-\x) 
pG{a, &) + (1 - p)G{a, b) - M{a, b) 



A{a,b) 



Vl-a;2 + (l-p)(l+x2) 



sinh ^{x) 



A(a, 6)[pVT^ + (1 - + x")] r 

. 1 ^p(V 1 - x^) 

smh (x) 



where fp{t) is defined as in Lemma [2. II 
Note that 

(3.3) lim {l + x-).^{x )-x ^ 5 

^ ' :r^o+ (l + x2-^/T^^)sinh-l(a;) 9' 

(1 + x^) sinh"^(x) - a; 1 ^ 

(3.4) hm ^ , ^ ' --, = 1 ^ = Ao. 

^^1- (1 + x2 - Vl - 2:2) sinh"^(a;) 21og(l + V2) 

Equation p.2p and Lemma 12.11 lead to the conclusion that the double inequality 

^G(a, b) + ^C(a, b) < M{a, b) < AoG(a, b) + (1 - Ao)G(a, b) 
9 9 

holds for all a, > with a ^ b. 

• If pi < 5/9, then equations p.ip and (13.31) imply that there exists < (5i < 1 such that 
Af (a, b) < piG{a, b) + {1 - pi)C(a, 6) for all a, & > with (a - 6)/(a + 6) e (0, Si). 



• If P2 > Ao, then equations (13. ip and (13. 4p imply that there exists < (^2 < 1 such that 
M{a, b) > p2G{a, b) + {1 - P2)G{a, b) for all a, & > with [a - b)/{a + 6) G (1 - §2, 1)- 

Therefore, we conclude that in order for the inequalities (|1.2p to be valid it is necessary and 
sufficient that a > 5/9 and ^ < 1 - l/[2 log(l + \/2)] ^ 0.4327 • • • . □ 
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